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It is shown that there is a context-free language which has one grammar of 
finite index and another of infinite index. This answers a question raised by 
Salomaa. 
In a recent paper [Salomaa (1969)] it is shown that the Dyck Language L D 
over the alphabet {0, 1} is of infinite index. The following is stated as an 
open problem: Does there exist a language which possesses two context-free 
grammars, one of finite and the other of infinite index ? We shall answer 
that question by showing thatL  = (0 + 1)* is such a language. Our notation 
and terminology is exactly that of Salomaa (1969). 
First, L is regular and so has a grammar of Index 1, e.g., 
c = ({x}, {0, 1},x ,{x - - ,~ ,x~ox,  ~  1x}). 
Now consider the Dyck Language L D over {0, 1}. It is easy to construct a
deterministic push-down automaton to accept L D , so it follows that both L o 
and L - -LD are context free. Let 
H o = (No, {0, 1}, Xo,  Po) and HI = (N~, {0, 1}, X1, P1) 
be context-free grammars for L D and L - -  L 9 , respectively. By Theorem 2 
of S alomaa (1969), grammar H 0 must be of infinite index. Assuming (without 
loss of generality) that N o n N 1 = ~ and X ~ No ~3 N1, define 
H = (N O u Nx u {X}, {0, 1}, X, Po u P~ k) {X--> Xo, X -+ X1} ). 
Clearly H generates all of L, since X 0 yields LD and X 1 yields L - -  L D . 
Further, if X- -~ a 1 -+ ""  ~ a n ~L  D is a derivation by H of any word inL  D , 
we must have cq = X0, so a 1 --+ "-" -+ a n is a derivation of a n by grammar H 0 . 
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Consequently, the index of H is not less than the index of H o , and thus is 
also infinite. This completes the proof. 
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